McGill Undergraduate Mathematics Journal

@the delta epsilon

Spring 2025 Eighth Issue

i
'
'

i
1
Q . '
4 T
X bRt
S
i
v
'
'

VAV AN VA AN A VAT 0 S VSV AW S VAVl
\ \_
et




Copyright © The Delta Epsilon, 2025

All rights reserved. The text of this publication may not
be reproduced in any form or by any means without
prior written consent of the authors and of The Delta
Epsilon.

Issue 8, published March 20th, 2025
ISSN: 1911-8996



LETTER FROM THE EDITORS

You thought you’d be waiting ¥ for the next issue of The Delta Epsilon, but you were looking at it sideways:
8 is right here!

We are thrilled to finally publish a new issue of The Delta Epsilon for the first time in over a decade. We felt as
though there was a hole in the soul of the mathematical community here at McGill that was the unique shape of the
Greek letters d and e. Though there were many perturbations in the road, our blood, sweat, and IATEX compilation
errors were worth it to be able to provide a place for undergraduates to showcase their excellence. On top of that, this
journal contains pearls of wisdom from your favourite professors as well as many brain teasers and jokes scattered
throughout to unwind between articles.

If you’d like to be featured in the next issue, we encourage you to submit articles next year or apply to be on our
editorial board. It’s been a blast compiling this issue for you guys.

We hope you enjoy all the hard work that has gone into the publishing of this issue. Make sure you read this
cover-to-cover so you don’t miss any of the hidden treasures.

Sincerely, r
Helena and Hy, Editors-in-Chief ‘ﬁ
(On behalf of the editorial team) vJ

LETTER FROM SUMS

An undergraduate academic journal provides aspiring researchers with invaluable opportunities to learn how to
conduct, write, and publish research while gaining recognition for their efforts. For these reasons, | am deeply
grateful to the many individuals whose dedication has made the revival of The Delta Epsilon possible.

A decade has passed since its last publication, and reviving the journal has been no small undertaking. | extend
my sincere gratitude to Nicholas Hayek, whose leadership and commitment were instrumental in bringing The
Delta Epsilon back to life. Alongside Charlotte Weiss, he recruited and mentored editors, and ensured the journal’s
preservation. Their efforts have been an inspiration to us all.

Special thanks to Helena Heinonen and Hy Vu, this year’s editors-in-chief, who faced the unique challenge of re-
establishing the editorial process from the ground up. Their exceptional work has set a strong precedent for future
editors and solidified the journal’s foundation for years to come.

On behalf of the Society of Undergraduate Mathematics Students, | congratulate all contributing students on this
remarkable achievement. The articles submitted to The Delta Epsilon stand as a testament to the initiative, determi-
nation, and intellectual curiosity of McGill’s undergraduate mathematics community.

Sincerely,
Pilar DaRonco, SUMS President S} SUMS

(On behalf of the SUMS council) SOCIETY of UNDERGRADUATE
MATHEMATICS STUDENTS
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Riesz-Thorin Interpolation & Applications

RIESZ-THORIN INTERPOLATION & APPLICATIONS

Anson Li and Mohamed-Amine Azzouz

This article establishes the Riesz-Thorin interpolation theorem, which states that the stability and boundedness
of a LP linear operator can be deduced “from the endpoints.” Two applications are also discussed: (i) Hausdorff-
Young inequality for Fourier transforms and (ii) boundedness of conditional expectation operators across LP spaces
(without the use of Jensen’s inequality). The last section contains a summary of the proof techniques used, along
with various functional analytic generalizations of the main results to semifinite or finitely-additive measure spaces.

INTRODUCTION

The Riesz-Thorin interpolation theorem is a theorem in
functional analysis that enables one to deduce the prop-
erties of a linear operator T “in between’ the LP spaces
from the properties of T restricted to LP spaces ‘at the
endpoints’. On an informal level, suppose V and W are
vector subspaces of measurable functions. A mapping
T:V ¥ W issaidto be (p;q)-stableif LP V,L9 W
and T(LP) LY; and we say that T is (p;q)-stable and
bounded whenever T restricts to a continuous mapping
from LP into L9. The statement of Riesz-Thorin inter-
polation theorem (Theorem 9), is as follows.

Given a linear mapping T :V ¥ W that
is (pj;qj)-stable and bounded for j = 0;1;
then T is (pt; qt)-stable and bounded for
all p;; q; whose reciprocals fall on the line
segment in the Riesz diagram in Figure 1.

q
1
qolknnzf”””’”jjﬁ
S ,
Gl

0 pil o p(;l ) p?

Figure 1: Points of the diagram represent the cor-
responding pair of reciprocals (p;q), for which T is
(p; g)-stable and bounded.

Given the technical nature of the proof of the inter-
polation theorem and the number of prerequisites in-
volved, we have chosen to present the notation that we
have chosen to use and a collection of definitions, and

needed results in Section 1. In particular, a special ver-
sion of [1, Thm 2.10a,b] will be needed in the proof
of the main result, as Folland omitted the case where
p1 = ¥, so Lemma 3 is written to address this gap.
Next, we introduce an elementary ‘norming’ result in
Theorem 6 that allows one to deduce embeddings of
locally integrable functions into L9 spaces through the
scalar product on essentially bounded functions with
finite measure-theoretical support. Our presentation of
Theorem 6 is non-standard, and the assertions made in
Theorem 6, namely Statements (i) and (ii), loosely cor-
respond to Theorems 6.13, and 6.14 in [1] respectively.
The Three Lines Lemma, Lemma 8, is also introduced
in Section 1.

1 PRELIMINARIES

Notation and Measure Theory

Let N =f0;1;2;:::g denote the set of natural numbers
(which includes 0), let N* = 1;2;:::g denote the set
of counting numbers, let Z =f0; 1;1;:::g denote the
set of integers, let R denote the set of real numbers,
and let C denote the set of complex numbers. For any
complex number z 2 C, its real and imaginary parts are
denoted by Re(z) and Im(z) respectively. We also write

C
@ 0; ifz=0
sgn(z) =
z=jzj; ifz&0
andargz 2 ( p;p] for the argument of z. Assume that
X and Y are normed vector spaces over C. We denote
by L(X;Y) the space of all linear maps from X to'Y, by
L(X;Y) the space of all continuous linear maps from X
toY, and by X the continuous dual of X. Let (X; M)
be a measurable space, and denote by E(M) the col-
lection of all complex-valued measurable functions on
X.

Unless otherwise stated, sequences will be indexed by
N* and assumed to take values in a vector space. A se-
guence fxnga‘=1 is said to be finitely supported if there
exists an index N such that x, = 0 for all n > N. We
denote by Iy the set of all finitely supported sequences,
by cp the set of sequences that converge to 0 (when-
ever the codomain is equipped with a topology), by I*
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Anson Li and Mohamed-Amine Azzouz

the set of all real-valued sequences with nonnegative
terms, and by 1™ the set of all real-valued sequences
with strictly positive terms.

Let m be a measure on M. We denote by S(m) the
vector space of all simple functions, and by Sp(m) the
subspace of those simple functions that vanish outside
a m-finite set; that is,

So(m) = FF 2 S(m); m(fx 2 X : F(x) & 0g) < ¥g

The Banach space L¥(m) consists of all essentially
bounded functions, with the norm

kfky =inffa 0:m(fx2 X :jf(x)j >ag) =0g
8f 2 L¥(m)

We also denote by Lg(m) the subspace of L¥(m) con-
sisting of functions that vanish outside a m-finite set.
Moreover, we let L*(m) denote the collection of mea-
surable functions with values in [0;¥] (where [0;¥] is
equipped with the extended Borel s-algebra; see, for
example, [1, Chap 2.1, 2.2, Ex 2.1, 2.2, 2.4]). We de-
fine S*(m) and Sy (m) as the positive cones of S(m)
and Sp(m), respectively; that is, these consist of the
functions in S(m) and Sp(m) that take values in [0;3).
Recall that if g 2 L*(m), its integral with respect to m
is defined as the supremum of the integrals of all non-
negative simple functions bounded above by g:
z Z
. g()m(dx) = sup < feOm@dx): F  g;F2S*(m)

Moreover, if either m is s-finite or the support of g,
namely fx 2 X : g(x) & 0g, is s-finite, then we may
restrict the supremum to functions in Sy (m); that is,

z z
. g(x) m(dx) = sup « f)m(@dx): f g;f2S5(m)

Lemma 1 ( [1, Thm 2.10]). Let (X; M) be a measur-
able space, if g: X ¥ C is measurable, there exists a
sequence of simple functions ff,g S, such that

1. £, ¥ g pointwise,
2. jfnj % jgj pointwise.

3. If mis s-finite, or m(fjfj >eg) <¥foralle, we
can take ff,g So.

Any sequence satisfying the first two conditions in
Lemma 1 is called an increasing sequence of subordi-
nates of g; furthermore, if ff,g is any such sequence,
then z z

JTnCOIm(c) % jg()im(dx)

Let p be a number in the interval [1;%¥). We define
Z
L°(m)= f2E; (M) jf()jPm(dx) <¥
X

and we denote by
LP(m) = LP(m)=(equality almost everywhere)

the corresponding quotient space. For any function f
in either LP(m) or LP(m), we define its LP-norm by

Z j_:p
kfky = jf(0iPm(dx)
X

It is well-known that LP(m) is a Banach space for ev-
ery p 2 [1;¥]. A sequence ff,g E(M) is said to
converge in measure to f 2 E(M) if for every e and
d >0, there exists N 2 N* such that

m(fx2X; jfa(x) f(X)j>eg) d whenever n N

Definition ( [1, p.25]). A measure m on M is semifi-
nite if every m-infinite set E admits a measurable subset
F suchthat 0 < m(F) <¥.

Lemma 2 ([1, Ex 1.14]). If m is a semifinite measure,
then for every E 2 M,

m(E) =supfm(F)<¥;F E;F2Mg (1)

We recall that k f,,
e >0,

fky ¥ 0 if and only if for every

fm(fif,  fji>eg)gf 2o

Definition. Let f,; f 2E(M), we say that f, ¥ f in
measure if for every e > 0, the sequence formed by the
numbers m(fjf, fj>eq)isin co.

Lemma3. Letl po<pi<p: ¥ andf2LPM,
There exists a decomposition f = fo+ f; 2 LPo+LP1,
and a sequence ff,g Sp, such that f, = o+ 1 2
Sp + Sp. This sequence satisfies

1. f, ¥ f pointwise a.e., fyj ¥ f; pointwise a.e

(1=0:1),

2. jfnj % jfj pointwise a.e., frj % f; pointwise

ae (j=01),

3. kfy  fk,, ¥ 0, andkfy fjkpj 1 0(j=0;1).
Proof. By splitting f = 3iPf, for f, 2 L* \LP(m)
for p=0;:::;3, we can assume that f 0. Let f, be
asin [1, Thm 2.10a,b], meaning

o= k2 nCEh +2nC|:n 2

k2z

where EK=fx2X; f(x) 2 (k2 "; (k+1)2 "]g, and
F,=fx2X; f(x) >2"g. Since f 2 L, we can
use the same technique as in [1, Thm 6.9] in order
to decompose f = caf +(1 ca)f = fo + f1, where
A=1x2X; f>1g. Itfollows that f; 2 LPi for j =0; 1.
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Riesz-Thorin Interpolation & Applications

Performing the same decomposition on the sequence of

simple subordinates df gives
fn=cafn+(1l ca)fn="fro+fm

Properties (1-2) in the lemma are satis ed. As for Prop-
erty (3), if po < pt < p1 < ¥ then the result follows
from the monotone convergence theorem. However if
p1 = ¥, then [1, Thm 2.10c] states thit; converges
essentially uniformly tof; asn! ¥, and the proof is
complete. O

Theorem 4. Let f,; f;g: X! C be measurable func-

tions.

1. For p2 [L¥], if kf, fky! O then ! f
in measure (note that,ff are not necessarily in

LP)

2. If fy! finmeasure, thenyf! fa.e. for some
subsequence

3. If f,! fin measure, andnf I ga.e. forsome

subsequence, then=f g a.e.

Proof. The rst claim follows from Chebyshev's in-
equality [1, Thm 6.17], the second and the third claims

are proven in [1, Thm 2.30]. O
1.1 Local Integrability
De nition. A measurable functiong<! Cislocally
integrableif

4

jgX)jdx< ¥ forall E2M ; mE) < ¥
E

The vector space of all locally integrable equivalence
classes is denoted by |(m).

For p 2 [1;¥] we considet.P(m) as a vector subspace
of Llloc(m), because fop 2 [1;¥) andg 2 LP(m) we
have

z
jg(x)jdx
E

z
E(Jg(X)Jp+ Dmd) < ¥  (3)
R
On the other hand, ip = ¥, then gjg(x)jm(dx)
kgky M(E). Letg2 Lt ., consider thescalar product
onL§
Z
hg;fi= g(x)f(x)dx 8f2L§ (4)
X
The integral in Equation (4) converges absolutely, since
909 £(¥)]

Lemma 5 ([1, Ex 6.17]) If g2 LL ., 2 [1;¥) and
suppose that M(g) = sudfjhg; fij; f 2 Lg; kfk, =

1g< ¥. Then,

kfKy Cf f6 0gi0(X)j 2 L*:

1. foranye> 0, m(fx2 X; jg(x)j > eg) < ¥, and
2. suppg= fx2 X; jg(x)j & Ogiss - nite.

Proof of Lemma 5If m(suppg) < ¥, both of the
claims are immediate, so we are free to assume
m(suppg) = ¥. For anye > 0, let us write

Ac = fjgi > eg

The semi niteness ofm(see Lemma 2) means that we
can approximate(Ae) by its subsets of nite measure.

mAe) = suf m(B); 0< m(B)< ¥; B A B2Mg :

For any suctB, we can make a clever choice bthat
gives us a uniform upper bound on{B). Choose

f=(sgng)cg2 L§ which gives us
hg; fi = gjg(x)jm(dx)

If p2 [1;¥) the relative largeness df depends on
m(B), whereas ifp = ¥, this “largeness' equals 1:

()

p2[L¥)

C i
kfk,= M)
1 p=¥

To obtain a lower bound for the integral on the right of
Equation (5), notice that the simple functiercy is a
subordinate ot ajgj. By the de nition of the integral
onL*, we see that

R. .
en(B) gjg(¥)imdx) kfk,Mq(g):
Developing this further, we see that
mB)™  Mg(ge ¢ 892 [L;¥)

It follows upon taking the supremum over all suBh
that

mA)  MI(gle 9< ¥

(6)
O

Theorem 6( [1, Thm 6.13, 6.14]) Given a locally in-
tegrable g, itis in 19 iff

Mq(9) = sudjhg; fij; 2 L?)‘; kfk,=1g< ¥; (7)
where pl+ g 1= 1, and if this is the case, then
kgk 4 = Mq(9).

Proof of Theorem 6We can break up the proposition
into two statements and prove them separately.

(i) If g2 L9, thenMq(g)  kgkg.

(i) If g2 LL. and Mq(g) < ¥, theng 2 L9 and
kgk g

Mq(9)-
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Anson Li and Mohamed-Amine Azzouz

Statement (i)says that ifg 2 LY, its scalar product on
ff 2 Lg;kfk, = 1gis uniformly bounded by it4.
norm. This follows from Hblder's inequality:

jhg; fij hjgj;jfii

HenceStatement (i)is proven. We turn to the proof of
Statement (ii).

. ¥.
kfk kgky forall f2Lg:

1. In the case wherq 2 [1;¥), letff,g Sp be an
increasing sequence of subordinateg ¢the exis-
tence of which is guaranteed using Lemma 1 and
Lemma 5). Then,

4 z

jg(x)j*m(dx) = sup _f n(X)jm(dx)

To show thatkgk, Mq(g), it sufces to prove
liminf kfnkq Mq(g). This is because the map-

pingj :t7!t¥9 (t 2 [0;¥], g2 [1¥) satises

sup (A)=j (supgA)) forall A [0;¥]. Hence,
R i (i ()
kfnk,= X2t 2 8
n q kf nkg 1 ( )

Forn= 1;2;:::, letus de ne

if n (99 *
kf ok *

Yn(X) = (sgng) 2 Lg )

An easy calculation will show thady 1k p= 1. We
can bounckfnkq using the scalar produdty;y ni
(see Equation (8)) because edghs a subordinate
of g. This is accomplished by “stealing' a factor of
if n(X)j under the integral sign.

R. ia
xJf n(x¥)J"m(dx)
kf ok *

R g1
xifn()i" ~(sgng)g(x) m(cx)
kf ok *

kf kg =

Mq(9)

2. If g= ¥, itis fruitful to consider an equivalent char-
acterization okgky .

kgky = sufa O;m(fx2 X; jg(x)j ag) > 0g (10)

If kgky = O, then there is nothing to prove. So in

the case thakgky > 0, we consider the lower ap-

proximants tokgky. Let 0< e < kgky, the set

Ae = fjgi > eg must have positive measure (pos-

sibly ¥). Our measuremis semi nite (see Equa-

tion (1)), sowe nd a measurable sub&of A with

0< mB) < ¥

We note thatB is a subset of\¢, sojg(x)j e for
a.e.x2 B. Toshowthae My(g), we will evaluate
g using the averaging operator

fs = m(B) 'cg(Sgno)

It is easy to see thaflg 2 L, andkfgk, = 1. The
scalar product ofg with g gives the expression

14
e Blg(X)lm(dX)

Our previousnote tells us thae h g; fgi  Mq(Q)
for all e < kgky. Sendinge towardskgky proves
Statement (ii).

h; fgi =

O

1.2 Rescaling betweerflland L' spaces

De nition. Let gr 2 [1;¥], g6 ¥, f2 L9 If f =
jfi(sgnf) is the polar decomposition of f, we de ne

o
- _ fiT(sgnf)

f = ré ¥ (11)
sgnf ¥

r=

We offer a quick proof for the fact thaf; is in L",
whose norm is determined by

(-
kfkE re ¥

12
lor0 r=¥L (12)

kfik, =
* If r 8 ¥, thenk k, is computed directly using the
integral
~ R _ R
kfrky = i F0O0I T m(d) = (i = kfkg

* If insteadr = ¥, thenksgnfky = 0 iff f =0
pointwise a.e, which proves Equation (12).

Theorem 7([1, Thm 6.10]) Letl pg p1 ¥, X
t 2 [0;1] and suppose2 [po; pi] is given by
pt=(1 Oppt+(tpt (13)

Then, for all 2 LPo\ LP: its LP norm can be esti-
mated using thanterpolation inequality

1 ®)

kfkp,  kfky, “kfkp) (14)

Lemma 8 (Three Lines, [1, Thm 6.26])Let | be

a bounded continuous function d&g(2) 2 [0;1] that

is holomorphic inRg2) 2 (0;1). If jj (2j Mg for
Reg2) = Oandjj () Mjfor Rg2) = 1, then

i @i Mg M

foranyt2 (0;1), where t= Rg(2).
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Riesz-Thorin Interpolation & Applications

2 RIESZ-THORIN INTERPOLATION

Theorem 9 (Riesz-Thorin Interpolation, [1, Thm
6.27]). Suppose thatX;M ;m) and(Y;N ;n) are posi-
tive, semi nite measure spaces. et po; p1;do; d1
¥, and constants M 0 (j = 0;1). Suppose we are
given a linear mapping T
T:(LP(m)+ LPr(m) ! (L%(n)+ L%(n))
which is(pj; q;j) stable and boundggd = 0;1). Thatiis,
T(LPi(m) L%(n), and
KT fky,  Mjkfk, forevery f2 LPi(m)
Foranyt2 (0;1), let p, g be exponents de ned by the
linear equations (or the Riesz diagram Figure 1)

Pt 1:(1 t)p01+(t)p11
G l=(1 t)gyt+(t)g,’

Then, T ig(pt; q) stable and bounded, ardr fkqt
Mk fk , for every 2 LP(m) where M = M((Jl t)MS).

Proof. Let us consider this problem in the abstract for
a little while. By convention, ifp = ¥, then we write
p 1= 0. It will prove to be useful to de ne the ex-
ponentsro;r1 andr; to be conjugate tajp; g1 and ¢;.
Using Figure 1, it is easy to see that
ret=(1 Hrgt+(or,t (15)
as the reciprocals of Holder conjugates are re ections
across 21 on the Riesz diagram. The linear equation
that de nesp, * shows thatp, ! is in the strict interior
of a line segment with endpoints,* andp, *. Since
the extreme poinfsof [0; 1] aref 0; 1g. From which we
deduce

p 1210 1giff pyt=p t=p,t
re12f0;1giff gy*=q *=q,* 2 0;1g

The reader should verify with Equation (15), and refer
to Figure 1. The core argument of the rest of the proof
consists of using rescaling trick in Section 1.2 with the
Three Lines Lemma (Lemma 8) to obtain a uniform
estimate fokT fk, wheref ranges over a dense sub-
set ofLP with bounded norm. More precisely, we will
prove

(16)

KTtk Mikfk, 8f2 So kfk, =1

With this, we can de ne a continuous linear operator
S:LP I L% that extends js, by uniform continuity.
This is accomplished as follows: given ahy L™, let

ffng Sp converge tof in L, andS(f) be the ele-
ment such that

kS(f) T(fn)kg ! O

This uniquely characterize¥ f), because bounded lin-
ear operators such d§s, map Cauchy sequences to
Cauchy sequences. A similar argument also shows that

kS(f)kg,

Postponing the proof for thestimatein Equation (16)
for the moment, let us verify the8= T in the case
where

7

Mkfk, forevery f2LP: (18)

1 po<p<pr ¥ (19)
For anyf 2 LP, we would like to make a special choice
of f, that will be useful in some of the computations
later on. The key idea is that we can improve the con-
vergence properties 6f,! f if (1) we take our lower
approximants from a smaller class of functions, and (2)
we pass to a suitable subsequence.

Lemma 3, which we will restate for the convenience of
the reader, gives us an approximationfoin L™ that
also “splits' inLP  LPo+ Pz,

For all f 2 L™, there exists a decompo-
sition f = fo+ f; 2 LPo+ P and a se-
quenceffn,g Sp, such thatf, = f o+
fn12 Sp+ Sp. This sequence satis es

1.fn! f pointwise a.e.fnj!
pointwise a.e (= 0;1),

fj

2. jfnj % jfj pointwise a.e., fnj %
f; pointwise a.e. (= 0;1),

3. kfn fky! 0, andkfp; fjkpj !
0(j= 0;1).

By passing to a subsequencd gfwe can use the prop-
erties ofT to our advantage. Fgr= 0; 1,

KT(fn) T(f)kg  Mikfn  fik

Pj
Convergence innorm (1 q;  ¥) means that we can
relabel our sequenck,j and assume thak(f ;) !

T(fj) pointwise a.e. (This comes from Theorem 4 for
those that are unaware). Adding the two pieces to-
getherT (f o)+ T(fn1) gives usT(f,) ! T(f) point-
wise a.e., ag is in the domain off.

Sincel o ¥,andk§(f) T(fn)ky ! O, the se-
qguencd T(f ,)g of N -measurable functions converges

in measure td(f). One thinks ofS(f) as the best
possible representative of the sequence of measurable
functionsf T(f 1)g. By a.e. uniqueness of this repre-
sentative (proven in Theorem 4), we d#tf) = T(f)

2The extreme point®f a convex subse in a vector spac are the set of pointp 2 C such thai(1l t)x+(t)y6 p for all x;y2 X and

t2(0:1).
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6 Anson Li and Mohamed-Amine Azzouz

pointwise a.e. Note that we cannot use positive de - useful to remember thaﬁ)[ = f, anddr, = g whenever
niteness ofyo, g1, andg; norms because the three se- r; 6 ¥, as the exponent cancels out nicely. For any
quenced (f ), T(f o), andT (f 1) have limits that lie w2 C, we de ne the functioy :C! C,

in three different.9 spaces. This proves th&tis an 8D E

extension oflT under the assumption in Equation (19). % g, T(

t

—h

(@ wpyl(wp, ) %= G
We now tackle thestimateEquation (16) (with the as-
sumption1l po< p< p1 ¥ stillin place). Given
f 2 Sg, with kfkp[ = 1, the normkT fkqt can be esti- )
mated by looking at the relative largeness of the scalar " T wypy eqwyp, V
product (proven in Theorem 6)

iws=_ (23)
E (1 w)r0 +(w)r1 qo 8 q1

oy In both casesj : C! C is a holomorphic function
hrfitlg! C because ofv placed in the exponent. Furthermore, if

Wite f = (sgnf)& ¢j cg,. For anyz2 [1;¥], the Ref wg 2 f 0; 1g, the relative sizes of the functions

rescaled version of as in Section 1.2, is given b ~ £
9 y g(l wrg H+(wyr and f(1 w)pg H+(w)p, t
o . b=z
f,= (sgnf)a c; Ce 26%¥ remain unchanged as we pertwvlby a purely imagi-

sgnf z=¥ nary number. That is to say, suppose that\Rg= j 2

We further subdivide the condition Equation (19) into £0:1g, then
two cases. The reasoning for this is because of the hy- | ¢ kK =kf-k =1 and 24
pothesis of the rescaling trick. (1 wipgH+(W)py " Pifp; = & AN (4)
1. If go = qu1, to computekT fk,, we x an arbitrary KG1 w)r; HH(w)r 1kr_ = kgfjkrj =1 (25)

g2 L§(n), with kgk, = 1. The linearity ofT and :

the evaluation majy; i allows us to separate the ef- By considering the cases where fRegy = j and

fects of the rescaling from the actiong)bnT(cEj). Imfwg = 0, we obtain

Foranyz6 ¥,

Fyio R - T(Fo)i M =
g T(Ri = "y g T dy Tl My %= o

mrj;T(fpj)i Mj QOS du:

& ¢ "TEMTIg T(ce)i  (20)

If Refwg= j2f0;1g, and Infwg & 0. We can use
the "norm-invariance' (as in Equation (24)) and see that
ji (w)j Mj. By Lemma 8, this gives us an estimate

2. If go & o, theng, 1 2f 0;1g. Which rules out the ~ forj (t)
possibility thatry = ¥. For anyg 2 Sp, kgky, = il @i M(()1 t)Mg) = M
1, suppose thay = & jdj€@%%cg. We can use
the rescaling trick on both sides. Writingy =

If z= ¥, a formula similar to Equation (20) can be
obtained.

wheret has the same meaning as befot@, (0;1)). In
both subcases of 1 pp< pr < p1 ¥, we conclude

jgi"™(sgng), we see that for ang6 ¥, either directly or by a density argument 8§(n)
- . R - ¥
g T()i = 'y G T(R(y) dy Lo (n), that the number
= & jdd" anei(argq’fargdk)mﬁ(;T(CEj)i KT fkq = sudjhg; T fij; g2 L§(n); kgk, = 19
21
(21) is bounded above byl;. Since the simple functior
The sum in Equation (21) is over nitely manyk. is chosen arbitrarily, this completes the proof for the
A similar equation is obtained #= ¥. estimateunder the assumption 1 po< pr< p1 ¥.
In either case, witlg2 LY, org2 Sp held xed, we Let us tackle the remaining cases. {df 6 pi, we
will show that the scalar product is boundedMy: In can always relabel the exponents such that fiy <
symbols this means, pe< p1 ¥. It remains to prove thestimatewhen
. Po= pt = p1 (@ndgo;0:1; & unconstrained). This is
hg; T( pr) M Qo= (22) straightforward because we can apply the interpolation
M T(f) M 006 a1 inequality (proven in Theorem 7). For arfy2 L, the

_ _ o functionT fisin L%\ L%, which means
The important part of Equations (20) and (21) is in the

exponents, i.e.c; 7 (resp. ¢ *7jdg"™). Itis also KT kg KT fk{ OkT k) Mikfk,:  (26)
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The extension argument (and the proof®f T) is REFERENCES
unnecessary because Equation (26) holds for every
f 2 LP. ThereforeT restricts to & p;;q:) stable and

bounded linear operator with operator nckitk M, [1] Gerald B. FollandReal Analysis: Modern Tech-
and the proof of the interpolation theorem is com- niques and Their Applicationdohn Wiley & Sons,
plete. O June 2013.

BRAIN TEASER1

Courtesy of Hussin Suleiman
Alice and Bob play a game in which they must alternate placing a coin on a large circular table, such that no two
coins touch each other. Alice goes rst. When a player is unable to place a coin on the table, they lose. Who has a
winning strategy?

Solution on page 49
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MODELLING BASEBALL EXIT VELOCITIES WITH BLOCK MAXIMA

Jules Lanari-Collard

Since the introduction of Statcast ball-tracking technology to Major League Baseball, much work has been
done by analysts to understand the value and uses for these data. The speed at which batters hit the ball (known
as exit velocity) is of interest for player evaluation and projection, whilst the most useful information lies in the
upper quantiles of each player distribution. This report uses extreme value methods to model exit velocity data and
derives a metric to summarise each player's exit velocity distribution, performing well in comparison to existing
metrics.

1 INTRODUCTION 1.2 The Importance of Exit Velocity

One such Statcast metric is launch speed (more com-
monly known asexit velocity), simply measuring the
1.1 Process over Outcomes speed (in mph) at which the baseball travels imme-
diately after being hit by the bat. On a player level
this has helped to quantify player "power'. The use of
Baseball is the second-most popular sport in the United this metric is rather intuitive; harder hit balls are more
States [1], and the average Major League Baseball likely to turn into hits and even home runs. Figure 1
(MLB) franchise is worth $2.4 billion. Teams invest demonstrates this effect, usingDBACON? as a mea-
signi cant amounts on player wages every year, with sure for outcome value, demonstrating an interesting
the median projected payroll for 2025 being $144 mil- trend; balls in play under 75mph all perform similarly,
lion, and some teams projected for over $270 million but above 75mph there is a clear positive correlation
[2]. Salaries are often disproportionately concentrated between exit velocity (EV) and quality of outcome.
in a small number of high-value players; Shohei Ohtani
signed the largest contract in sports history, $700 mil-
lion over 10 years, in 2024 [3], and Juan Soto recently
broke that record with a $765 million, 15 year contract
with the New York Mets [4].

With the amounts of money involved, franchises em-
ploy dedicated analytics teams within their front of ces
to inform decisions and evaluate and project players.
Having a good understanding of a player's current and
future ability is not only important when signing them
to a large free agent contract, but also when trying to
identify undervalued players.

Since the introduction of Statcast technology to MLB Figure 1: WOBACON and Exit Velocity

in 2015, allowing high-resolution ball and player track-

ing every game, there has been a shift in perspective

on player evaluation. The technology allows analysts From the perspective of player evaluation, it follows
to evaluate events with respect to fli®cess not just that we can expect hitters who are able to consistently
the results. Instead of considering a ball in play as hit the ball harder to perform better. The question then
a binary event, either resulting in a hit or an out, we turnsto how can we bestinterpret each player's exit ve-
can consider thexpected outcomim a probabilistic locity data on a larger scale. To give an extreme exam-
sense, given various factors such as the launch speedle, suppose player A hits every ball at 100mph, whilst
and launch angle. Over the course of many seasons,player B hits 80% of their batted balls at 95mph and the
the wealth of data generated with this perspective has remaining 20% at 120mph. It is unclear which player
enabled a better separation between a player's true tal-provides more value; they have eqaakrageexit ve-

ent and luck and random variance; parsing the signal locities, but the value of their outcomes is not necessar-
from the noise. ily the same. Indeed, players across the league exhibit

1wOBACON stands fokVeighted On-Base Average on CONtade will not go into the details of its calculation, but the main takeaway is
that it measures the value of the outcomes of balls in play. For example, hits and home runs are positive, whilst outs are 0.
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very different exit velocity distributions, and designing
metrics to describe these distributions is a topic of great
debate. Figure 2 illustrates the difference in distribu-
tion shape between two highly contrasting players.

Figure 2: Comparison of Contrasting EV Distributions

1.3 Summarising Exit Velocity Data

Attempting to effectively summarise player-level exit
velocity data, many metrics have already been formu-
lated, with differing degrees of complexity. Before dis-
cussing the existing metrics, it is important to discuss
what quali es as an “informative' or “useful' metric.
Metrics can be generally evaluated on three main crite-
ria:

 Correlation with outcomes: how well does a
metric represent value?

« Correlation with future outcomes: how well does
a metric predict future outcomes and value?

 Variance: how much does a metric vary from
year-to-year? In other words, how susceptible is
the metric to random noise? In the search to sep-
arate true talent from randomness, low-variance
(so-called “sticky") metrics are much more reli-
able due to their robustness against random vari-
ation of the underlying data.

1.4 Existing Metrics
Average Exit Velocity

Self-explanatory in its de nition, average EV is gener-
ally viewed as a awed statistic, as it is equally affected
by both the lower and upper quantiles of a player's EV
distribution. As seen in Figure 1, balls hit slower than
75mph should be viewed as roughly equal in value, and
do not provide as much information as the upper quan-
tiles.

2This was veri ed using an auto-correlation plot.

Best Speed

In response to the aws of average EV, Tom Tango
stated that we “learn nothing about a batter on their
slow hit batted balls” [5], and instead proposeelst
speed de ned as the average of a batter's top 50%
hardest-hit balls. Best speed correlates better with out-
comes and exhibits less year-to-year variation than av-
erage EV [6].

Exit Velocity Percentiles

Alternatively, one can consider the empirical quantiles
of a player's exit velocities. Commonly used quan-
tiles are the 80th, 90th and 95th percentiles, known as
EV80, EV90 andEV95 respectively [7]. They perform
similarly to best speed in correlation with outcomes
and predictive power, and are even lower variance than
best speed.

Maximum Exit Velocity

Also self-explanatory, maximum EV is simply the
maximum speed of a player's hardest-hit ball over a
given period of time, typically a season. Unsurpris-
ingly, due to its inef cient use of information, it per-
forms worse than the aforementioned metrics in cor-
relation with outcomes, predictive power, and is only
lower in variance than average EV.

1.5 Applying Extreme Value Theory

In summary, exit velocity data has a number of traits
which render it dif cult to analyse with traditional
methods:

« EV distributions vary drastically from player to
player, not only in parameters but also poten-
tially in type of distribution.

* We learn very little about a player's true talent
from their slowly-hit batted balls (i.e. bottom
50%).

 Information about player talent lies in upper
quantiles of their EV distribution.

Given that individual batted ball events (and thus also
their block maxima) can safely be assumed to be#,i.d.
extreme value theory is particularly suited to this prob-
lem. Although player-level EV distributions may differ
greatly, their block-maxima will follow a Generalised
Extreme Value (GEV) distribution, allowing usto ta
model for each player without restrictive assumptions
on their underlying EV distribution.

McGILL UNDERGRADUATE MATHEMATICS JOURNAL
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2 METHODS

2.1 Data

Data was collected using queries to the MLB Stat-
cast Search AP| querying all balls in play from 2015
(implementation of Statcast tracking) to 2024. The
full dataset consists of 1,157,634 batted ball events
involving 2,373 unique hitters. 2,020 player seasons
consisted of at least 250 batted ball events (BBES), a
threshold set to ensure suf cient sample size for good
model ts in the ensuing analysis.

2.2 Block Maxima

Seeking to model the upper quantiles of each player's
exit velocity distribution, we use the block-maxima
method to t a GEV model to the data. An alter-
native approach would be the Peaks-Over-Threshold
(POT) method, however threshold selection is a com-
plex problem, and not generalisable when looking to
t a model for each player. With the block-maxima
method, we can set a constant block size for all models
without overly adverse effects on the model t.

Figure 3: Evaluating Model Fit

2.3 Return Levels

A quantity of interest with the block maxima method is
thereturn level. Usually interpreted in nancial con-
texts, ak n-block return level represents the quantity
one can expect to be exceeded once ekdriocks of
sizen on average. For a GEV random variable with

The GEV parameters can be estimated using maximum parametersn s ; x, thek n-block return lever can be

likelihood methods with the ismev package [8] R
Using only player seasons with at least 250 BBEs, a
model was tted for each player season (2,020 total)
using a block size of 10 balls in play. The parame-
ter of interest for evaluating the quality of the mod-
els is the shape (denoted; MLE is not well-behaved
forx 2 ( 1 %] and potentially unobtainable when
X 1. The software implementation did not en-

computed using the following formula [9]:

" #

S
r:m+; In 1 1

We can then estimate the return level by simply sub-

counter issues, although over 50% of the estimates hagstituting in the parameter estimates. In this case return

X 3, whichis cause for concern.

When evaluating the t of an individual GEV model,

levels provide a useful, easy-to-understand statistic to
interpret each player EV model. In particular, we can
estimate a 5-block return level for each player, repre-

one can use visual diagnostic tools such as g-q plots senting the EV we can expect them to exceed once ev-

and probability plots, however this becomes unfeasible
when evaluating such a large number of models. Alter-
natively, we can use the well-known fact that the trans-
form of a random sample drawn from a CB¥with

F itself is standard uniformly distributédWith this in
mind, for each player season, we transform the block
maxima by the GEV CDF with the estimated param-
eters. For a well-speci ed model, the resulting points
should be approximately standard uniform, which we
can test with the Kolmogorov-Smirnov Test for Uni-
formity. The p-values this test on each model are dis-
played in Figure 3, where we conclude that most of the
transforms are in fact uniformly distributed at the 5%
signi cance level.

3Accessible ahttps://baseballsavant.mlb.com/statcast_search

ery 50 balls in play (BIP), on average.

3 RESULTS ANDDISCUSSION

3.1 Return Level as an EV Metric

We can now evaluate the quality of 50-BIP return levels
as a metric for summarising each player's EV distribu-
tion, in particular with respect to the criteria described
in section 1.3.

4The inverse of this process is known as the inverse transform method, used for generating random samples from different distributions.
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Return level separates itself from the other metrics
when we consider year-to-year variations. Only 1.5%
of player seasons showed a year-to-year change in re-
turn level of more than 1 Standard Deviation. When
compared to the variability of the other metrics, return
level is second only to EV95 (see Figure 6). Whilst best
speed is a better descriptor of outcomes and slightly
better predictor, it varies more from year to year, ren-
dering it less reliable when evaluating “true' talent. An
illustration of the stability of 50-BIP return level is pro-
vided in Figure 7.

Figure 4: Correlation with Outcomes

Using wOBACON as the outcome of choice, we rst
consider how well return levels re ect value of out-
comes. 50-BIP return level exhibits a 0.58 correlation
coef cient® with same-season wOBACON. As shown
in Figure 4, this is quite poor performance when com-
pared to other metrics. This is perhaps unsurprising;
one big drawback to the block-maxima method is that
it ignores a lot of potentially useful information by
only using the maximum observation from each block.
Given that we are simply evaluating how well return Figure 6: Variance
levels describe the datliom which they were esti-
mated it is not entirely unusual that they don't perform
particularly well.

Figure 7: Stability of 50-BIP Return Level

Figure 5: Predictive Power 3.2 Discussion

50-BIP EV return level performs moderately well as a
descriptive metric. It performs similarly to best speed
and EV percentiles in predictive power, and is below
average for correlation with outcomes. However, its
stability is encouraging and sets it apart from the other
metrics.

In terms of predictive value, the 50-BIP return level has
a 0.53 correlation witmextseason wOBACON, per-
forming similarly to the best metrics, as shown in Fig-
ure 5. We notice more generally that the EV percentiles
and best speed perform signi cantly better than aver-
age EV and maximum EV, with return levels in be- On the other hand, return level has some aws. It is
tween. more computationally intensive than the other metrics,

5Using Pearson's Correlation Coef cient.
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and the sample size required to achieve its demon-
strated performance is relatively large. The choice of
10-BIP blocks and 5-block return levels was somewhat
arbitrary, and improvements could be made by tuning
those “parameters'. Although the metric performs rel-
atively well across the whole sample, some individ-
ual models are extremely bad ts due to the estimated
X < 1 and non-uniformity of the CDF transform. One
solution would be to simply Iter out badly-speci ed
models, however a metric which cannot be speci ed
for certain players is de nitely problematic. Bayesian
inference for GEV models is an active area of research
and could aid in the issue af < 1, by allowing for

the imposition of constraints (in this case one could im-
posex > 1).

Another area for improvement would be the inclusion
of covariates; age in particular. Methods exist for in-
corporating covariates in GEV models [9], however it
is unclear how one could implement a general trend
over many models. That is, although we t a sepa-
rate model for each player-season, an ageing trend is
a population-wide effect, not player-specic. Such a
problem is beyond the scope of this project, but never-
theless is an interesting area to explore.

3.3 Finite Upper Endpoints

A nal point for discussion, unrelated to return levels,
is to recall that a negative shape parameter bounds the
GEV distribution from above. Given that almost all the

models estimate a negative shape parameter, we can in-

fer that each player has mite upper endpointo their

EV distribution. This is an interesting if unsurprising
result; we would expect there to be some physical limit
to each player's capabilities. Methods for the estima-
tion of the upper endpoint are available [10], however
the estimation is highly dependent on the shape param-
eter estimate. Fox close to 0, the endpoint estimate
becomes unreasonably high.

Estimating the upper endpoint for each player would
be an alternative metric of interest; representing an es-
timate of their physical limits. However, when estimat-

ing the upper endpoint on the tted player models, the [10]

estimates were indeed very unstable with the estimated
shape parameter, and as a result don't provide a useful
interpretation.
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INTERVIEW WITH JEAN PIERRE MUTANGUHA

Helena Heinonen and Aahaan Rawal

the tail end of the summer when | moved here in Au-
gust: the festivals are really wonderful. Montreal is the
rst big city I've lived in since moving out of Rwanda.

I grew up in Kigali, the capital city, which has about 2
million people. But after Kigali, all the other cities |
moved to were small towns, like Princeton and Bonn.
Princeton is a village. Bonn was nice, but it was still
like maybe only 500,000. | enjoy taking the subway
and not needing a car. But I'm not looking forward to
shovelling snow.

de: What is your favourite part about McGill?

So far I've enjoyed everyone I've worked with here.

I've gotten a lot of support; you sort of need it when
de: Could you tell me about your personal and aca- you start a position, and they've been wonderful. |
demic background? also think that the department is doing good things
for the students. There are a lot of opportunities for
undergraduates and a culture of doing undergraduate
research, which | never got to experience as an un-
dergraduate: SURA in the summers, and independent
readings people can do during the term. | think they are
a great initiative. 1'm looking forward to applying for
a SURA to have undergraduate students this summer.

I'm from Rwanda, that's where | grew up and nished
high school. | then did my undergrad at Oklahoma
Christian University, where | nished in 2014. | did my
grad school at University of Arkansas, nished 2020
right in the middle of the pandemic. After that, I've
moved a bit: | was in Germany for a year, and then |
was at Princeton for 3 years. Those were my post-doc
positions and | just started my assistant professor posi- de: Could you describe your current research?

tion here. . . .
lon here So my area is Geometric Group Theory, which | guess

de: Why did you choose to study math? also explains why | like McGill and why | chose to
come here in the rst place: there's certainly a hub of
geometric group theorists, so it's a very lively place to
be in my eld.

| didn't know | wanted to do math in the beginning.
Actually, I liked programming and did a lot of Project
Euler, but some of the questions were actually a lot of
math and | realized that | liked that much more than What is geometric group theory? When students
ghting with debugging code. When | started my un- maybe rst learn what a group is in abstract algebra,
dergrad, | wanted to do a double major math and com- they are studied very mechanistically with formal sym-
puter science, but it would have taken 5 years. | knew bols and axioms. Geometric group theory is the idea
| didn't want to do 5 years, so | chose math. that you want to think of groups as symmetries of ge-
ometric objects, and how properties of your geomet-
ric objects end up translating to the properties of the
group, and vice versa. If you know something about
No. | liked research, and it seemed like the only way the group, you learn something about the geometric
to do research would be to be a professor. But then in object you're interested in, and if you know something
my post-docs, when | had positions that were only re- about the geometric object, you can learn something
search, | realized | didn't like that. | liked teaching as new about the group. That intersection of geometry
well because it gives structure to your day and some- and algebra is what | enjoy. That is the broad aspect of
thing to do when you're stuck on your problem. It lets what I'm interested in.
you say, “l taught something this week,” every week.
Whereas in research, you will have months where you
just have nothing to show. | like the gure eight knot. It turns out the exterior of
the gure eight knot is an example of a mapping torus,
one of these surface automorphisms that I'm interested
I have not had the complete experience yet, but | saw in, and it's closely related to the automorphism of a free

de: Did you always know you wanted to be a pro-
fessor?

de: Do you have a favourite geometric object?

de: What is your favourite part about Montreal?
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group. But even though I'm calling it my favourite, I'm  this pressure that you have to constantly produce some-
not that good at drawing it. thing, every month, every 6 months, or every year - de-
pending on your eld.

de: We found your math blog from your website,
could you tell us a little more about that and its fu-
ture visions?

Ah so you did some digging. Right, so how did it
start? As an undergrad, at some point, | had wanted
to learn things that your standard curriculum doesn't
really expose you to, at least in the beginning of your
undergraduate degree. But most of what | found on-
line were either professors talking about the current re-
search, which went way over my head, or they'd be sort
of “popular blogs,” like for the general public. These
are still great, but there's only so much | could read
about the Fibonacci sequence. So | said, okay assume |
know some calculus, assume | know some number the-
ory, but assume I'm not in grad school yet, what can |
I'm still guring that out. | am still doing research, learn? But | couldn't really nd anything like that. So
but it's sort of taking the back seat for now. In both of | started my blog as an undergrad, also aimed at un-
the terms that | have been here, I've been teaching adergrads. But then grad school started and | got busy.
course for the rsttime, so I'm developing notes, prob- | can see now why the thing | was hoping for doesn't
lem sets, and midterms. | nd that takes up most of my quite exist because now, if | were to actively write, it
time. But everyone | talk to says your rst year is kind would be more convenient to write about my research.
of like that. Next year, when | get the same courses
again, | will actually have time to balance the two.

de: How do you balance teaching, research, and
mentoring graduate students effectively? What role

do you think research plays in your development as
ateacher?

But since there are actually a lot of opportunities at
McGill for undergraduate research, | think | could start
So far | have taught courses that are closely related to writing about the projects that | work on with under-
the kind of things that I'm doing in my research. Somy grads. So that is a potential future.

research kind of informs the types of questions | end up
asking. For example, I'm teaching differential geome-
try, and the questions | ask on assignments or exams
will be related to the things I'm interested in. I'm not  I'm excited to get through this winter season. If | can
just coming up with the questions, but | have to write make it through, then | know | can survive the rest of
the solutions too. So if there is a question I'm notinter- my time here. | was told to actively take up winter ac-
ested in, writing the solutions will just be a headache. tivities, so I've been learning how to ice skate. And I'm

de: What does the future hold for you? What are
you excited about? Math or non-math related?

But this way I'm having fun with it. excited to explore the city more.
de: What are your favourite/least favourite parts Also, if | do get a chance to actually supervise under-
about research? graduate research this summer that would be really ex-

citing. The project I'm proposing is related to differen-
tial geometry. | am curious about a different proof of
the isoperimetric inequality which uses some interest-
ing tools from partial differential equations.

With research, something you have to grapple with is
being stuck. Any question or research problem that's
worthwhile will probably not be immediate. You have
to be willing to stick through it for a while. Now is
this my least favourite part? | think it's just what you de: Do you have any advice for current under-
sign up for. But then whenever you gure it out, it's grads?

a fantastic feeling! You sort of stick through it so that
you can get that satisfying feeling at the end once you
answer the question.

Try to nd things you enjoy, both math-wise but also

in anything. There's a tendency for students to think: |
want to get into this school, or this career, so I'm go-
Something | might say is one of my least favourite ing to do the things that will get me there, like summer
things would not be related to research itself, but the research. Not because | am interested in the research
pressure and feeling like you have to produce some- but because I think that is what is expected of me. But
thing. It kind of takes away the fun. Sometimes it takes | think the right approach is really to nd the things

a while to get the results you want, but there's sort of you enjoy in math and cultivate those. For example, if
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you're going to work on a project, you're not just doing  Consider your options, but make sure you're trying out
it because it will help you achieve whatever goals you things that you think will genuinely interest you. Don't
have, but it will open you to exploring new ideas and apply for something that you're not interested in, it's a
help you gure out what you like. And sometimes the waste of your time.

thing you think you like is not your favourite thing.

w
O

JOKES

Call me a conspiracy theorist bptis not a circle! But why you may ask...

— Becauser?
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INERTIAL GRAVITY WAVE DERIVATION AND MODEL | MPLEMENTATION

Jelena Collins

This paper gives a basic overview of mountain gravity waves, then walks the reader through a derivation of a
singular representative linear partial differential equation to calculate vertical wind perturbations. We begin with
momentum, mass continuity, and adiabatic equations, and eventually de ne solutions to this equation in Fourier
Space, which are implemented and analyzed with Python code.

1 INTRODUCTION tion of the total derivativeZ:, which includes a partial
time derivative and an advecting gradient term. Note
Gravity waves are the primary form of energy disper- thatu here represents the applied wind vector, which is,
sion after stably strati ed air is forced over topogra- in this casehu;0;wi, as the model is two-dimensional
phy like mountains or valleys. These mountain waves in x andz. We also have the following parameters: air
impact the direction and magnitude of ow above and densityr , pressurep, and gravitational acceleratian
around the mountain, and can have extending effects

. . . Du 1. ~
on zonal mean circulation near polar jet streams (Dur- —= =Np gk
ran, 1990). Large amplitude waves can also impact Dt r
aviation and cause extreme air gusts over lee sides of Du_ fu o 19p -
mountains. For my honours research thesis, | aimed to Dt~ Tt *(u Nu= r 9x gk
create a model to output the magnitude and direction U Tu 19p
of mountain gravity waves given parameters like initial + = ——

7YX T X
To linearize each equation, parameters are split into
The mathematical derivation begins with the Navier- appropriate mean-state and perturbation (prime) terms.
Stokes momentum equation. From this, impacts from The mean termp andr are functions of only as these
the Coriolis, centrifugal, and frictional forces were ne- attributes vary predominantly in tredirection, while
glected due to the small scale, smooth topography, perturbations can exist in any dimension.
and general simplicity of my model. A constant hor-

wind speed, static stability, and topography.

izontal wind was also applied, existing only in tke u= U+ uixzt)
direction, as the model is 2-dimensionalxnand z w= 0+ wixzt)
Finally, derivations were completed by assuming that p= p2+ pYxzt)

each mathematical solution existed in a steady state.

r=r(2@+r{xzt
This is physically fairly accurate, but does not account @+ )

for small perturbations in the steady-state. Substitute these de nitions into (2).
The model itself is coded in Python. For each run, (U+u) F(U+ u%ﬂ(U + U9 _ 1 fip p°
a Gaussian-style topography was assumed with shape Tt fx r+ro fqx

depending on width and height. The rpodel's outputs However, for constart) and p= p(x), non-z deriva-
also were dependent on the Brunkisala frequency, e of these terms are 0. Additionally, since the mag-
and wind speed. Experiments were run to see the effect i\ qes of perturbation terms are assursed 1, we

of each of these parameters on the steady-state wind. g, e linearize by approximating that products of per-
turbations are negligible. Finally, we use the Boussi-

2 LINEARIZATION OF FUNDAMENTAL nesq approximation to de neo = 1+ 1 ©
0 0 0
u u 1
EQUATIONS L+(U+U%L: _ ﬂi
1t x r+roqx
2.1 Momentum Equation in x A (T (T N 1 )
The system of equations which represents uid mo- Tt ix 1o i
tion under the assumptions described above are derived . .
from the momentum equations, as well as assumptions2-2 Momentum Equation in z
of incompressibility and an adiabatic atmosphere. Now, return to the momentum equation and focus on
To derive the representative mountain wave equations, Zt€rm,w, in thek direction.
we begin with the momentum equation and focus on Du_ fw 19p -

the x-term, u, in thei direction. Implement the de ni- Dt ﬁ+( u Nw= 1z gk
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Separate mean and perturbation terms and neglectMultiply each side b)g=q_.

products of perturbations asxn

— 0
™o Iw_ 1 fip+p ok

it x r+r0 9z

Implement the small-amplitude assumption in the
equation above to reduce to

'nwo mwe 1 ro ﬂr -
KT P PR PR
Assume hydrostatic balance to substitgte=  r( gR

and simplify by neglecting products of perturbations.

W o Mo 11 1Yy
'ITt ix

Use the Boussinesg approximation to substitute

r gz r

r& q%q andtoset = ry.
WO, I 190, oY
it X rofz ¢

Finally, use the de nition of buoyancyy = q%=q to
reach a nal equation iz.

‘ﬂw0 ﬂwo
Mt Ix

11]r +b

o9z (28)

‘ﬂx

2.3 Adiabatic and Incompressibility Equa-
tions

Next, linearize the adiabatic equation by beginning
with the equation representing an adiabatic atmo-
sphere, in which potential temperatuyef a given par-

cel of air does not change in time.

Dg _ ﬂq+(u Ryg = 0

Dt
fig \I¢
! - -~ Rl
! i +(u+u()ﬂx+w°ﬂz 0
In a vertically strati ed atmosphereq_: q_(z). Sep-
arateq into mean and perturbation components as
above, such that = g+ q4x; zt).

fa+a9,  M@+a), of@+ad
qt ix ﬂx
ﬂz

Asq = q(2), set all nonz derivatives ofg = 0 and ap-
proximate all products of perturbation terms as 0.

19°,  19°. ofq _

ﬁ+UW+V\/°—-O )
ﬂqo ﬂq fig

S A TR T

g91q°
q Tt

De ne static stabilityN? = ( g=q_)fﬂq_:‘ﬂz) and use the
de nition of buoyancy,b = q%=q, from above for the
nal form of the linearized adiabatic equation.

b b _

W Tlq

0
MTLALCE.
q Mz

q X

—+U_—= N 2
Mt v > 29)
Finally, linearize the incompressibility equation,
which, under mass continuity, dictates that
< 17.9.9
Nu=20 ! h i—;—i huyvywi = 0
X' Ty’ 1z

Substitute mean and perturbation terms as de ned ear-
lier and expand.
(CRIL I
X 1z
For constanU, this becomes
o
Mz

=0

‘ﬂu0

ﬂx =0

(30)

3 CREATION OF A SINGLE-VARIABLE
EQUATION

3.1 Reduction to Two Equations

Equations (1)-(4) establish a system of partial differ-
ential equations to represent adiabatic, incompressible
Ow over a mountain. These equations are depen-
dent on wind perturbation®andw® dimensional vari-
ablesx; z; andt; and atmospheric variables and values
p%ro:b%U; andN2. Now, we seek to create a singu-
lar representative equationim To begin, reduce the
system of four equations to two equationsarand p.

To construct the rst equation, combine (2) and (3) to
eliminate the buoyancy terimby de ning a linear ad-

vection operatot. = J:+ UL . Recognize that in
the left side of (2),
‘ITWO ﬂWO 1 l _
TV Tt Yix wl= Lw?
and in (4), that
‘ITb b 1 1 _
I Uﬂx ﬂ+U'"—X b=1Lb
Rewrite these equations appropriately.
L= 210 Lb= N2
ro z

McGILL UNDERGRADUATE MATHEMATICS JOURNAL
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Apply theL operator again to the left-hand equation to
create a secondb term, and substitute this de nition

into the right-hand equation to eliminate the system's

dependence ob.

0
L= 217 L
ro Yz
L berawer  LTrC
o ﬂZ
1 qro
L2wP L = NP 5
oMz %)

For the second equation im and p, rewrite equation
(1) with the linear operator above.

Luo+ Luo = 0_ inO
Mt ix T
Apply L to the linearized mass continuity equation (4).
0
TRCA LUy
Mx ﬂz

Take thex derivative of the momentum equationo

0 . . .
match thel "]H—Lj( term in the new mass continuity equa-
tion.

19%p°
ro 1x2

1 9p°
ro Ix

Lul=
u x

! L

Substitute this de nition into the mass continuity equa-
tion with the linear operator.

e qwl
Lﬂ LE 0
| 1ﬂ2 ﬂWO -0
' ro‘ﬂx2 ﬂz
L Two_ 1 9%p°
' 1z 1o Tx2
2
R L ©)

3.2 Reduction to One Equation and Steady-

State

Now, we have two equations in two variableg,and

p® We seek to combine them to create a single govern-

ing equation inv. Begin by taking thez derivative of

(6).
I (I

Al
1z ﬂz 1]x2

1.
1z
12
ﬂ2

Then, apphL to each side.

0

12 °p
12" oL 2wP= |_ﬂx22
Now, apply ’ to (5).
12 ’ oo _ T2 0 3p°
W ro L VV0+ N \No - TLE— LT[TZZ

Having set the right-hand side of each equation to
p]z , we can set the left-hand sides equal to each
ot

er to form a smgle equation

roL2w°— ro L2wf+ N2wP

2

Divide each side byo and move all terms to the same
side, then distribute.

L 2P+ “ L2wP+ N2wP = 0

‘sz
PLZWO LLZWO “ N7wO=

FactorL and replace with or|g|nal advection operator

0

$:+Udi toreach the nal version of the single-
variable partial differential equation im.
12 2 2
L2 LA L | N?wP= 0
ﬂzz e e
T,,0 2 1% 12 12 5 o
it U1Tx Tzt e WN wP= 0 (7)

Since our model aims to nd the nal form grav-
ity waves over topography, we are seeking a solution
which is not changing in time. We will adopt this by
settingd; = 01in (7).

T, g

2 1%

2 12
X2

Nzﬂfo

ﬂx2:0

Use the Fundamental Theorem of Calculus to integrate.

1'[2 2VVO ﬂZV\IO 1'[ VVO
217 2y N2
v X2 1122 e " e Erale
2\,\/0 1200
2 1122 o NP
2W0 ﬂ2W0 NZ
! ﬂzz w2 WWO

Therefore, the linear, single-variable, two-dimensional,
and steady-state form of our partial differential equa-
tion can be written as a function of variabbeandz,

2VVO ﬂ 2VVO N2

1122 ‘ﬂx2

—wl=0 (8)
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4 NORMAL MODE SOLUTIONS AND
MODEL IMPLEMENTATION

To nd solutions to the equation above, we substitute
anormal V\&\veform solutiow(x;t) = cd®+m2 From

this,m= l'j‘fz k2, and solutions can be broken into

conditions wheren2 R andm2 C.

Form2 C, we can denec= k2 l’j—i such that

m= ic. In this casew can be written as the superpo-
sition of two waves, such that, for arbitrary parameters
aandb2 R,

W(x;2) = ad®+md 4 pd(kx mJ

To solve this equation, two boundary conditions must
be implemented. We will approximate here that sur-
face ow at z= 0 runs parallel to the terrairh(x),
such thaiw(x;0) = U '"—Q Additionally, it is known that

N2

value of k?, which then has an impact on k2 0z

and causes the wave to become less hydrostatic. These
waves show evidence of decay, as seen below, where
the wind magnitude is clearly signi cantly less than
with the initial parameters. This can be seen in Fig-
ure 2.

Further experimentation showed that the Brunt-
Vaisala frequency has the effect of increasing or de-
creasing the number of separate ow groups in a given
direction. A greater Brunt-¥isala frequency leads to
more separate air layers travelling in different direc-
tions. The frequency has no effect on the magnitude
of the ow. Additionally, as is intuitive, an increased
constant westerly wind spedd, leads to an increased
wind speed within strati ed layers.

wave energy under these conditions dissipates such that

w(x;¥) = 0. With these two boundary conditions in
place, we nd that in Fourier space,
r

2 N2

wk?) = ikUR(e — v2° K> N2=U2 (1)
Form2 R, we use the same parallel surface bound-
ary conditionw(x;0) = U "%2 but encounter propaga-
tion rather than decay of vertical waves at large heights.
Therefore, for these solutions, we use a boundary con-
dition which restricts to positive energy ux within the
system. This simpli es tavp®r o > O for energy ux

E=u?+w+ ,3—22 > 0. For these new boundary condi-

tions, we nd in Fourier Space that
r

Lz Ny
w(k;2) = ikUh(k)e™ Y? k2 < N>=UZ%k> 0

)

r

w(k:2) = ikUR(K)e

N2 k2
u? kK2 < N>=U?%k< 0

3)
Results were gathered by implementing topographi-
cal Fourier-transformed topographical functions in k
to these equations in Python and taking the inverse
Fourier Transform of the results at eactevel for pa-
rameterizedN andU values.

For a model resolution of 256256, a Brunt-
Vaisala frequency ) of 0.1 Hz, and a constant wind
speedJ of 5 m/s, | de ned a Gaussian topography with
a width of 25 kilometers and a height of 500 meters.
The results of this experiment can be seen in Figure 1.

Figure 1: Contour plot of mountain gravity wave mag-
nitude and directions with initial parameters as de-
clared in code. Gaussian mountain width of 25000 m
(25 km) and height of 500 m (0.5 km). Wind speed of
5 m/s, Brunt-\aisala frequency of 0.01 sl.

Overall, the computer model behaves as mathemati-
cally expected. It shows an increasevirwind value
with height; an increase iw wind value with an in-
crease in mean horizontal wind; more layers and less
tilt with a greater Brunt-\aisala frequency; and wind in
the opposite direction for inverted topography. It also
shows maximal wind along the surface and minimal

w wind as one moves west beyond the topography.

The model does make many assumptions which affect
its alignment with reality, such as neglecting friction
and the Brunt-\disala frequency's height dependence.

However, note that the features of this plot and the That said, preliminary results show the desired phe-
waves' propagational intensity changes when param- nomena, and the model represents gravity waves at a
eters are varied. For instance, when the terrain's as- spatial resolution currently unattainable by large-scale
pect ratio is increased, increases. This increases the climate models.
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Figure 2: Contour plot of mountain gravity wave magnitude and directions with increased aspect ratio to decrease
hydrostatic effect. The left image has a mountain with width 50 km and height of 0.5 km. The right image has a
mountain with width 25 km and a height of 1 km. Each has a wind speed of 5 m/s and a Brisala\frequency of

0.01s 1.

REFERENCES Terrain, 59-81https://doi.org/10.1007/97
8-1-935704-25-6_4
[1] Durran, D. R. (1990). Mountain waves and downs-
lope winds. Atmospheric Processes over Complex

BRAIN TEASER?Z2

Putnam 2008 A2

Alan and Barbara play a game in which they take turns lling in entries of an initially empty 202808 array.

Alan plays rst. At each turn, a player chooses a real number and places it in a vacant entry. The game ends when

all the entries are lled. Alan wins if the determinant of the resulting matrix is nonzero; Barbara wins if it is zero.
Which player has a winning strategy?

Hint: Have you tried Brain Teaser 1 on page 7 yet? You might want to warm up with that one, then try a similar
approach here...

Solution on page 49
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FRACTAL GEOMETRY: THE EXPLORATION OF JULIA SETS
Gabiriella Chen

This report explores the dynamics of Julia sets associated with the quadratigmap z2 + ¢, wherec is a
complex parameter. The focus is on the iterative properties, xed points, stability analysis, and visualizations of
Julia sets. Numerical simulations are conducted to reveal self-similar structures and the fractal nature of these sets.

1 INTRODUCTION 4. To provide insights into the fractal geometry and
dynamical systems techniques that underlie the
Fractals are intricate, endlessly complicated patterns. creation and analysis of Julia sets. In addition,
They are typically characterized as “a rough or frag- to offer a brief explanation of the connection be-
mentary geometric shape that can be divided into sev- tween Julia sets and Mandelbrot sets.

eral parts, with each part being (at least approximately) Through these explorations, the report aims to demon-

areduced shape of the whole,” implying self-similarity. strate the rich mathematical structures that emerge

B.B. Mandelbrot coined the term *fractal” in 1975 from simple iteration rules. In addition, it emphasizes

[8]| Vc\;!th his |nS|gr(1jts on the .relat|on between theor\]et:.- the use of numerical methods and computational tools
cal discovery and geometric patterns in nature. Julia ; study nonlinear dynamics problems.

sets are distinct from other fractals as they are created

through iterative processes in the complex plane that
adhere to basic mathematical principles. 2 MATHEMATICAL BACKGROUND

Julia sets are generated from the iterative function 2 1 Formal De nitions of Julia Sets

Zn+1 = zﬁ+ ¢, wherezandc are complex numbers. The

behaviour of the iterates, depends on the value of The following de nitions are adapted from 4.1 and 4.2
as well as the initial conditior,. For certain values of ~ ©f [4].

¢, the resulting Julia sets are connected, forming con- De nition (Orbit). Given a set of complex quadratic
tinuous and intricate patterns. For other values, tiie polynomials §:z7! 22+ c, the orbit of g2 C is the
Julia sets are disconnected, forming a “dust” structure. sequencegzi;z;::: where z+1 = fc(zy).

This sensitivity toc links Julia sets closely to the Man-
delbrot set, a well-known fractal that lives inside the
space of parametecs

De nition (Filled Julia set) For such complex
quadratic polynomials : z 7! 22+ ¢, the lled Julia
set, k=fz2 Cj9s2 R;8n2 N;jfl(2j sg, where
Julia set theory is closely related to important concepts f((2) is the nth iterate of 2). That is, for a given c,
in nonlinear dynamics such as stability, chaos, and bi- consider the orbit of every starting point. The set of all
furcation. Fixed points and their stability as well as bounded orbits that do not escape to in nity forms a
the divergent behavior of points in the complex plane lled Julia set.

are fundamental to understanding the dynamics of sys- pe nition (Julia set) The Julia set ¢ is the set of

tems. Additionally, Julia sets provide a striking visual- points that constitutes the boundary of the lled Julia
ization of the transition between order and chaos. set K.

This report focuses on the mathematical and visual ex- _
ploration of Julia sets. The main objectives are: 2.2 Connected and Totally Disconnected

We recall the following theorem based on Frame and
Urry in their work of Fractal Worlds[6], speci cally
technical note\.48 and present them in the special
case of the functioric.

2. To investigate how the structure of Julia sets Theorem 1(Fatou-Julia Theorem)if the orbit of O es-
changes with different values @ emphasiz-  capestoin nity, J is a Cantor set, and if the orbit does
ing the boundary between connected and discon- not escape to in nity, Jis connected.
nected sets, and also how to determine their con-
nectivity mathematically.

1. To analyze the mathematical foundation under-
lying Julia sets, including their connection to
xed points and stability.

Corollary 2 (Dichotomy Theorem) The Julia set Jof
Z+ cis either connected or totally disconnected (Can-

3. To numerically simulate and visualize Julia sets T S€b)-
for various values of the parameterhighlight- Remark.The above result is derived from the previous
ing their fractal and self-similar properties. theorem.
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2.3 Fixed Points and Stability
2.3.1 Determining the xed points (Period-1)

Recall the quadratic mafa(2) = 22+ ¢,c2 C. A xed
pointz 2 Cis a point that satis es the following equa-
tion:

z=f(z)=(z)*+c =) (z)> z+c=0

This is a quadratic equation in. The solutions are
given by the quadratic formula:

1 P 1 4c
2
This determines the xed points under one iteration of

zZ =

the quadratic map, we say that these are periodic points

of period-1.

2.3.2 Stability of xed points (Period-1)

The stability of a xed point is determined by the
derivativeof the mapf.(2) evaluated at the xed point.
The derivative of the quadratic map is:

X2 = 2z

At a xed point z , the stability is determined by the
absolute value of{z ):

* Attracting Fixed Point: If jfz)j < 1, the
xed point is stable, and nearby points will con-
verge toz under iteration.

+ Repelling Fixed Point: If jf{z )j > 1, the xed
point is unstable, and nearby points will diverge
fromz .

« Indifferent Fixed Point: If jf{z)j = 1, the
xed point is neither attracting nor repelling, and
the dynamics near can be periodic or chaotic,
depending on the higher-order behaviour of the
system.

2.4 Mandelbrot Set and Julia Sets

The following de nition and theorem are adapted from
2.1in[4].

De nition (Mandelbrot set) TheMandelbrot seis the
setM=fc2 Cj9s2 R;8n2 N; f(0)j] sg, where
f0(2) is the nth iteration of f(z). So unlike the lled
Julia set, the Mandelbrot set M is the set of all ¢ values
such that the sequendk f-(0); fc(fc(0));::: does not
escape to in nity.

Theorem 3. For ¢ 2 C, the point c is in the Mandelbrot
set M if and only if its corresponding lled Julia set J
is connected.

1Source code is found at the end of this article

From the de nitions of both types of sets, the Man-
delbrot set and Julia sets both arise from the quadratic
map fe(2) = 2+ c. The Mandelbrot seM consists

of complex parameterswhere the critical point= 0
remains bounded under iteration. Julia skigle ned

for a xed c, form the boundary between points that es-
cape to in nity and those that remain bounded. Their
structure depends an if ¢2 M, the Julia set is con-
nected; otherwise, it is a disconnected fractal.

3 NUMERICAL SIMULATION AND
VISUALIZATION

3.1 Numerical Methods

Here is an algorithm? for generating a regular Julia
set:

1. Create a grid for complex numbers using
numpy.meshgrid.

2. Iterate the functiorz,.1 = z2+ c for all initial
valueszy in the complex number grid.

3. matplotlib  library is used to visualize the
coloured fractal image.

4. Calculate the xed points and analyze their sta-
bility, then plot them into the fractal image.

Here is an algorithm for generating a zoomed-in Ju-
lia set:

Remark. To show the self-similarity of Julia sets, an-
other program for computing a speci ¢ zoomed-in re-
gion is written.

1. Create a grid with a larger mesh.

2. Set the maximum and minimum wfaindy coor-
dinates for the desired zoomed-in region.

3. Iterate the same function but with a higher max-
imum iteration for better resolution.

These algorithms assign colours automatically based
on the number of iterations required for the starting
point to diverge to in nity. No speci c values are set
to determine if the point diverges, since the algorithms
useinferno to assign colours which create a detailed
fractal image. For improved clarity, higher grid resolu-
tion and zooming techniques reveal the complex self-
similar structure of the Julia set. Ef cient computation
and visualization are achieved through vectorized nu-
merical operations and colour mapping.
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